We show that observing the trajectories of confined particles in a thermal equilibrium state yields an estimate on the free-space diffusion coefficient. For generic trapping potentials and interactions between particles, the estimate comes in the form of a lower bound on the true diffusion coefficient. For non-interacting particles in harmonic trapping potentials, which approximately describes many experimental situations, the estimate is asymptotically exact. This allows to determine the diffusion coefficient from an equilibrium measurement, as opposed to a direct observation of diffusion, which necessarily starts from a non-equilibrium state. We explicitly demonstrate that the estimate remains quantitatively accurate in the presence of weak interactions and anharmonic corrections.
Diffusion of particles in contact with a heat bath is a direct, macroscopic consequence of the microscopic thermal motion [1] [2] [3] . Consequently, a measurement of the diffusion coefficient allows access to microscopic properties of the environment such as the particle mobility via the Einstein relation [1] . However, in any experiment, the size of the system is finite and diffusion can only be observed transiently; it necessarily starts from a non-equilibrium initial condition. This can make a direct measurement of the diffusion coefficient difficult or even impossible. For the paradigmatic example of diffusion, a cloud of small particles immersed in water inside a circular Petri dish, the particles should initially be inside a small area near the center of the dish, as to eliminate any influence of the walls. On the other hand, they should not be too tightly concentrated, because otherwise the interactions between the particles cannot be neglected. Finally, the Petri dish needs to be sufficiently large to allow for ample time to observe the spreading of the cloud before the particles are evenly distributed across the dish. While these conditions are easy enough to satisfy in the classical tabletop experiment, it is not hard to imagine experimental situations where this is not possible. If the system size is small, the available time to observe diffusion may be too short for an accurate estimate of the diffusion coefficient, or it may be difficult to prepare a well-defined initial nonequilibrium state with the observed particle sufficiently far from the walls to exclude interactions. Even in approximately unconfined situations, the ability to observe diffusion might be limited simply by particles diffusing out of the field of view of the microscope.
By contrast, equilibrium measurements of trapped particles face none of these restrictions. Since, by definition, the state of the system does not change over time in equilibrium, the measurement time can be arbitrarily long. No special care needs to be taken in the preparation of the initial state, since the equilibrium state is realized automatically by just waiting. One may also adjust the confinement to keep the particles inside the field of view of the optical detection system. However, the macroscopic equilibrium state by itself yields no information about the diffusive dynamics. Nevertheless, even in the equilibrium state, the thermal motion at the micro-scale does not stop. The emergence of single particle tracking experiments has made it feasible to investigate the motion of individual, microscopic particles in the macroscopic equilibrium state [4] . It is suggestive that such measurements should be able to yield information on the microscopic properties of the system. However, it is generally not straightforward to connect the trajectory data obtained from measurements to specific microscopic parameters.
Here we discuss a possibility to establish such a connection for confined particles in contact with a heat bath. We show that, independent of the precise details of the system, it is always possible to obtain a lower bound on the free-space diffusion coefficient of individual particles using only a measurement of the particle trajectory, without any knowledge about the microscopic details of the system. For non-interacting particles in a harmonic confinement, the lower bound becomes an equality. In this situation, which to a good approximation describes many experimental situations, our result thus enables a direct determination of the free-space diffusion coefficient from a measurement of the trajectories of confined particles. For anharmonic confining forces or interactions between particles, our estimate provides a lower bound on the diffusion coefficient. As we demonstrate by numerical simulations, the estimate is quantitatively accurate even in the presence of moderately strong anharmonic corrections and interactions, provided that the dynamics of the particles is dominated by the interaction with the environment.
Model and bound. We consider M Brownian particles immersed in an environment that is characterized by the temperature T and the mobility µ. The motion of the particles is described by the coupled Langevin equations (i = 1, . . . , M ) [5, 6] 
where we set k B = 1 for convenience of notation. The potential U (x) includes the external confining potential, but also interactions between the particles, and the vector x(t) = (x 1 (t), . . . , x M (t)) encodes the positions of the particles. The noises ξ i (t) are mutually independent, Gaussian and white, ξ i (t)ξ j (s) = δ ij δ(t−s). We assume that the potential admits a well-defined equilibrium state
In the absence of the potential, U = 0, each particle undergoes Brownian motion, with the mean-square displacement growing as [1] [2] [3] ∆x
The Einstein relation between the diffusion coefficient D and the mobility µ allows to obtain µ from a measurement of the diffusion coefficient. In the presence of the potential, the equilibrium state Eq. (2) is independent of D and µ and thus provides no information about the latter. Our goal is to determine the free-space diffusion coefficient D from a measurement of the trajectory x i (t) in the presence of the potential. The method we propose relies on a measurement of the time-averaged position of the particlex
If the system is ergodic, then this time average will coincide with the ensemble average for long measurement times, lim t→∞xi (t) = x i eq , where . . . eq is an average with respect to the equilibrium state Eq. (2) [7] . However, for any finite time, the time average is a random quantity, characterized by a finite variance ∆x
Our main result is the following inequality for the free-space diffusion coefficient,
We can thus bound the diffusion coefficient from below by a lower estimate D * , obtained by measuring the variances of the position and the time-averaged position in the equilibrium state. Importantly, the right hand side is independent of any details of the potential or the environment and can be evaluated by measuring only the trajectory of the trapped particle in the equilibrium state. Further, as discussed below, the lower estimate D * of the diffusion coefficient given by Eq. (5) is valid irrespective of the overdamped limit and can also be applied to underdamped systems.
Non-interacting particles. If there is no interaction between the particles, Eq. (1) reduces to a one-particle Langevin equation. It was shown in Ref. [8] that the fluctuations of the time average decay as
for long times. We remark that using this explicit expression, the bound (5) can be derived by applying the Cauchy-Schwarz inequality to the above integral. For the particular case of an harmonic potential U (x) = kx 2 /2 with spring constant k, the integral can be evaluated explicitly,
Plugging this into the bound Eq. (5), we obtain
Since the right-hand side is just equal to D via Eq. (3), we see that equality in Eq. (5) holds if the confining potential is harmonic. For anharmonic confining potentials, the bound (5) provides a lower estimate on the diffusion coefficient. For deep potentials U ≫ T , a harmonic approximation works well in most cases and thus the error of the estimate is expected to be small in such cases. However, this is obviously only true as long as the particle remains close to a minimum of the potential; for example, barrier crossing events are not captured by the harmonic approximation and generally spoil the estimate since they lead to large fluctuations of the time average. The identity (8) suggests a new way to measure the diffusion coefficient of non-interacting particles: Instead of observing their free-space diffusion directly, with its associated limitations of finite measurement time and preparation of the initial state, one may also trap the particles inside a harmonic confinement and observe their trajectories in the trapped equilibrium state. Then the right-hand side of Eq. (5) can be used to determine the diffusion coefficient exactly in the long-time limit.
Interacting particles. In the case of interacting particles, there is generally no explicit expression for the variance of the time average similar to Eq. (6). In particular, the bound Eq. (5) is generally not an equality, even if the interactions between the particles are harmonic. In order to gain some insight on when the bound (5) is quantitatively useful, we consider the simplest case of two harmonically interacting particles with positions x and y,ẋ
where k x and k y determine the confining force on the individual particles and κ the interactions between them. Note that the variance of the time average of x can always be expressed via the correlation function of the fluctuations of x,
Since in equilibrium, the correlations only depend on the time difference, the long-time limit of the variance can be further simplified to
For the above model, this can be evaluated explicitly and yields the bound
It is obvious that this is always smaller than the true value of D = µT and equal to the latter only if κ = 0, i. e. there is no interaction between the two particles. However, the bound also becomes accurate for k y ≫ κ. This can be understood by considering the additional timescale introduced by coupling the particle y to the particle x. If k y is small, then the characteristic relaxation time of y, τ y = 1/(µk y ) becomes large; this slow relaxation leads to a likewise slow relaxation of ∆x 2 and thus an underestimation of the diffusion coefficient.
On the other hand, if k y is large, then the relaxation of y is fast and the relaxation of ∆x 2 is unaffected by the second particle. Thus, while the model described by Eq. (9) itself is not very involved, it yields an important insight on whether the bound (5) is useful in a given physical situation with interactions. If the interactions do not have a strong impact on the typical relaxation time of the observed particle, then the estimate D * of the diffusion coefficient will generally be good. On the other hand, if the interactions introduce slow modes that strongly influence the relaxation of the observed particle, then the bound (5) can be much smaller than the actual free-space diffusivity of the particle.
Derivation of the bound. In order to derive the bound (5) on the diffusion coefficient, we use the fluctuationresponse inequality derived in Ref. [9] .
There, it was shown that the average response δ R t of a timeintegrated stochastic current R(t) to a small perturbation δF to the system is bounded from above by the fluctuations ∆R 2 t = R 2 t − R 2 t of the current times the relative entropy between the path probabilities of the perturbed and unperturbed system,
In our case, we choose the current to be R(t) = X i (t) = t 0 ds x i (t) and the perturbation to be a small constant force acting on the particle i, δF i . The relative entropy can be evaluated explicitly for the dynamics Eq. (1) and the fluctuation-response inequality reads [9] 
For long times, the system will settle into a new equilibrium state
with the corresponding shift in the average position
Plugging this into Eq. (14) and dividing by t 2 , we obtain
valid for long times. Noting that X i is related to the time average by X i = tx i and identifying the free-space diffusion coefficient D = µT , this is equivalent to Eq. (5)
Note that the measurement ofx i is entirely passive; it does not require actually applying the force δF i . Rather, the latter is a virtual probe force that is used only for the derivation of the inequality (5). In Ref. [9] it was noted that the form of the fluctuation-response inequality (13) is independent of whether the system is over-or underdamped; thus the above discussion and the resulting bound Eq. (5) also apply to underdamped systems. While the bound (5) holds for the long-time limit, it may be violated if the right-hand side is evaluated at finite times. However, the fluctuation-response inequality (13) also allows us to derive a finite-time version of the bound, by assuming that the system is initially in the modified equilibrium state P eq δF . Doing so adds another contribution to the relative entropy, which is given by the relative entropy between the two equilibrium distributions S(P eq δF P eq ) [9] . For small δF , this can be evaluated explicitly, S(P
eq , and yields the bound
This is converges to the bound (5) in the long-time limit. While Eq. (19) obviously does not yield a useful bound at short times, it shows that corrections to the bound Eq. (5) are of order 1/t at finite times. Explicit demonstration. The bound (5) always holds irrespective of the trapping potential, interactions and whether the description of the system is over-or underdamped. For a realistic physical situation consisting of many interacting particles in a generally anharmonic trapping potential an obvious question is: How useful is the estimate D * for determining the true free-space diffusivity D? To shed some light on this issue, we perform a numerical simulation of trapped, interacting particles and determine D * from the measurement of the trajectories in order to compare it to the known value of D. Specifically, we consider M = 20 identical spherical particles of radius ρ and mass m. The particles are trapped inside a three-dimensional trap with size L and depth U t
This trapping potential can be considered as the expansion of a Gaussian trap, which is frequently encountered in experimental situations, e. g. for optical trapping. The form Eq. (20) takes into account anharmonic corrections while avoiding the problem that a Gaussian trap is not a confining potential. The particles further interact via a short-range repulsive pair potential with
This potential is similar to a truncated Lennard-Jones potential, however, we choose to use a combination of r −4 and r −2 terms, instead of r −12 and r −6 , as it allows using a larger timestep in the numerical simulations. The interaction between the particles and the surrounding medium is incorporated via Stokes friction and thermal noise, resulting in the set of underdamped Langevin equations
where r i = (x, y, z) i and v i = (v x , v y , v z ) i are the position and velocity of the i-th particle and ∇ i denotes the gradient with respect to x i . As before µ is the particle mobility and T the temperature. This example features three effects that may potentially spoil the accuracy of the estimate D * : anharmonic trapping, interactions and underdamped motion. We perform Langevin simulations of Eq. (22), recording for each particle the position and time-averaged position. Then, averaging over the particles, we compute the respective variances and the bound (5). To limit the effect of statistical fluctuations, we repeat this procedure a total of 600 times and also average over these realizations. Note that the averaging over different realizations is only done for numerical convenience, as it allows easy usage of parallel computation. Since the measurement is performed entirely in equilibrium, one may equally well observe a single realization for a longer time, and divide this long observation into independent segments over which averaging can be performed. To start, we take non-interacting particles in a purely harmonic confinement with U T = 5 and L = 5. For T = 1, µ = 1 and m = 1, we obtain D * /D = 1.00 ± 0.02, where the uncertainty is the temporal variance of the right-hand side of Eq. (5) around its long-time-averaged value. Thus, for non-interacting harmonically trapped particles under moderate damping, the estimate of the diffusivity is excellent. Note that this remains valid in the heavily underdamped regime µ = 10, where we obtain D * /D = 0.99 ± 0.02. For a harmonic confinement, the position and velocity degrees of freedom decouple in the long-time limit independent of the value of µ and thus we have D * = D even at low damping. Taking into account the anharmonic terms in the potential, we arrive at D * /D = 0.98 ± 0.02 at µ = 1 and D * /D = 0.93 ± 0.01 at µ = 10. While for moderately strong damping, we again obtain an excellent estimate of D, the anharmonic terms induce a coupling between the statistics of position and velocity and the slow relaxation of the velocity for low damping reduces the accuracy of the estimate. Finally, we switch on the interactions with U I = 2.5 and ρ = 0.8, corresponding to an occupied volume fraction of roughly (U t /T ) 3/2 (ρ/L) 3 = 0.05. For moderate damping µ = 1, we still find a useful estimate of the diffusion coefficient D * /D = 0.90 ± 0.01. Even though we have an anharmonic confinement and moderately strong interactions between the particles, the fact that the thermal relaxation time τ rel = mµ = 1 is about one order of magnitude smaller than the average time between between collisions τ col ≈ 13 means that the relaxation of the time-averagex is still mostly governed by the diffusive dynamics. By contrast, for low damping µ = 10, the relaxation and collision time are of the same order and we find D * /D = 0.50 ± 0.01, which has still the right order of magnitude but is no longer quantitatively correct. Reducing the particle radius to ρ = 0.4 and thus the rate at which interactions occur to τ col ≈ 47, the estimate accordingly improves to D * /D = 0.97 ± 0.02 for µ = 1 and D * /D = 0.85 ± 0.02 for µ = 10. From the results of our simulations, which are summarized in Tab. I, we conclude that even for interacting particles in an anharmonic trapping potential, the quantity D * , Eq. (5), can provide a good approximation of the free-space diffusion coefficient, as long as the interaction with the heat bath dominates relaxation processes in the system. Discussion. We have found a possibility to estimate the free-space diffusion coefficient by observing the trajectories of confined particles in an equilibrium state. The estimate is exact for non-interacting particles in a harmonic confinement, but remains accurate in the presence weak anharmonic effects and interactions between the particles. Even when the validity of these assumptions for a given experimental situation cannot easily be assessed, the obtained value of D * is guaranteed to provide a lower bound on the true diffusion coefficient D.
We anticipate our estimate to be useful in physical situations where a direct measurement of the diffusion coefficient is not possible, in particular for small sys- tems, where diffusive behavior is only observable on short timescales. However, even if a direct observation of diffusion is possible, observing the motion of trapped particles may be more convenient from an experimental point of view, since small particles may be difficult to track over long distances. Trapping remedies this issue and allows for arbitrarily long observation times. Moreover, the trapping potential can be adjusted to exclude harmonic effects and interactions, allowing to estimate the diffusion coefficient with good accuracy.
